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Cubics Related to Coaxial Circles

Bernard Gibert

Abstract. This note generalizes a result of Paul Yiu on a locus asksatiaith
a triad of coaxial circles. We present an interesting faroflgubics with many
properties similar to those of pivotal cubics. It is also @partunity to show
how different ways of writing the equation of a cubic lead &vigus geometric
properties of the curve.

1. Introduction

In his Hyacinthos message [7], Paul Yiu encountered thecckiBb60 as the
locus of pointP (in the plane of a given triangld BC') with cevian triangleX'Y Z
such that the three circle$A’ X, BB'Y, CC'Z are coaxial. Hered’ B'C’ is the
circumcevian triangle o6, the external center of similitude of the circumcircle
and incircle. See Figure 1. Itis natural to study the cod@yialf the circles when
A’B’C" is the circumcevian triangle of a given poit

Figure 1. K360 and coaxial circles

Throughout this note, we work with homogeneous barycentrardinates with
reference to trianglel BC, and adopt the following notations:
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gX theisogonal conjugate of

tX theisotomic conjugate of

cX the complement oK

aX the anticomplement ok

tgX the isotomic conjugate of the isogonal conjugateXof

2. Preliminaries

Let@Q = p : ¢ : r be a fixed point with circumcevian triangl¢/ B’'C’ and P
a variable point with cevian triangl€, P, P.. Denote byC4 the circumcircle of
triangle AA’ P, and define&’z, C¢ in the same way.

Lemma 1. The radical center of the circleSs, Cp, Co is the point@.

Proof. The radical center of the circumciraleof triangle ABC andCp, Cc must
be Q. Indeed, it must be the intersection BfB’ (the radical axis of’ andCp)
andC(C’ (the radical axis of andC). Hence the radical axis @fz, Cc contains

Q. O

These three radical axes are in general distinct lines. &meschoices ofP,
however, these circles are coaxial. For examplé i (@, then the three circles
degenerate into the cevian lines@fand we regard these as infinite circles with
radical axis the line at infinity. Another trivial case is wh is one of the vertices
A, B, C, since two circles coincide witfi and the third circle is not defined.

Lemma 2. Let H be the orthocenter of triangld BC'. For any pointQ # H and
P = H, the circlesC4, Cg, Cc are coaxial with radical axi{ ().

Proof. When P = H, the cevian triangle of’ is the orthic triangled ,H, H..
The inversion with respect to the polar circle swapsB, C and H,, H;, H.
respectively. Hence the products of signed distandes- HH,, HB - HH,,
HC - HH, are equal but, since they represent the powdt afith respect to the
circlesCy4, Cg, Cc, H must be on their radical axes which turns out to be the line
HQ. If Q = H, the property is a simple consequence of the lemma aboved

3. The cubicK(Q) and its construction

Theorem 3. In general, the locus aP for which the circle€ 4, Cp, Cc are coaxial
is a circumcubidC(Q) passing througt, Q and several other remarkable points.
This cubic is tangent atl, B, C to the symmedians of triangléBC.

This is obtained through direct and easy calculation. luficient to write that
the radical circle o4, Cg, Cc degenerates into the line at infinity and another
line which is obviously the common radical axis of the cisclélhis calculation
gives several equivalent forms of the barycentric equatib/C(Q). In §54 — 9
below, we explore these various forms, deriving essendafrgetric properties and
identifying interesting points of the cubic. For now we exaethe simplest of all
these:

2,2 wy+z) (y =z
Z bc*pr(y+2)(ry —gqz) =0 <— Z — <———> =0. (1)

X X a? qa T
cyclic cyclic
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It is clear thatKC(@) containsA, B, C, @ and the vertices\;, By, C; of the
cevian triangle otg( = ;#2 : b% : . Indeed, when we take = 0 in equation (1)
we obtain(b*ry — c2qz)yz = 0.

a?

K(Q) also containag(. Indeed, if we writeagQ) = v : v : w thenv+w = —,
p
etc, since this is the complementag( i.e. g@Q. The second form of equation (1)

. . u v w
obviously glvescyzdziC — <a - ?> = 0.
Finally, it is easy to verify thatC(Q) is tangent at4, B, C' to the symmedians
of triangle ABC. Indeed, wherb?z is replaced byc?y in (1), the polynomial
factorizes byy?.

3.1 Construction.Given (), denote byS be the second intersection of the Euler
line with the rectangular circumhyperbdté, throughQ.

Let H/Q be the rectangular hyperbola passing throagld), S and with asymp-
totes parallel to those 6.

A variable lineL¢ through@ meetsHy, at a pointQ)’.

L meets the rectangular circumhyperbola throggh (the isogonal transform
of the lineOQ’) at two pointsM, M’ of K(Q) collinear withQ.

Note that(@ is the coresidual ofd, B, C, H in K(Q) and thatag( is the
coresidual of4, B, C, Q in I(Q). Thus, the line throughg(@ and M meets again
the circumconic througly and M/ at another point oiC(Q).

Figure 2. Construction of(Q)
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4. Intersections with the circumcircle and the pivotal iso@nal cubic peir (Q)

Proposition 4. K(Q) intersects the circumcircle at the same points as the pivota
isogonal cubiop/Ceir (Q) with pivotag@Q.

Proof. The equation ofC(Q) can be written in the form

> (—a’qr + brp+ Ppg) @ (Py? — b22%)

cyclic

2
+ (ayz + b*zz + Pay) Z p(ctq—b*r)z =0.
cyclic
Any point common tdC(Q) and the circumcircle also lies on the cubic
> (~a’qr+ Upr+ Ppg) a Py’ — 072%) =0, 3)
cyclic
which is the pivotal isogonal circumcubgCe;,.(Q). O

The two cubicsKC(Q) andpK.ir.(Q?) must have three other common points on
the line passing througfy andag@. One of them isagQ and the two other points
FE4, E, are not always real points. Indeed, the equation of thisi$ine

Z p(q —b*r)z = 0.

cyclic

IC(X55) || pKeire = pK(Xs, X144)

Figure 3. K(Q) andpKeir(Q) When@ = Xss
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These pointst;, Es are the intersections of the line passing throdghgQ,
ag(@ with the circumconicABC K@ which is its isogonal conjugate. It follows
that these points are the last common points @) and the Thomson cubK002.

Figure 3 shows these cubics whéh = Xs5, the isogonal conjugate of the
Gergonne poinX7. Here, the pointd’;, E> are Xo, X57 andag@ is Xi44.

Thus, £(Q) meets the circumcircle at, B, C with concurrent tangents &
and three other point@,, @2, @3 (one of them is always real). Following [4gQ
must be the orthocenter of trianglg Q2 Qs.

4.1 Construction of the point§1, @2, Q3. The construction of these points again
follows a construction of [4] : the rectangular hyperbolaihg the same asymp-
totic directions as those ol BC'H( and passing throug, ag(), the antipode
Z on the circumcircle of the isogonal conjugéfé of the infinite point of the line
0OgQ meets the circumcircle & and@1, Q2, Q3. Note thatZ’ is the fourth point
of ABC HQ on the circumcircle. The sixth common point of the hyperlmtal
K(Q) is the second intersectia’ of the line Hag@ with both hyperbolas. It is
the tangential ofp in £(Q). It is also the second intersection of the liieZ’ with
both hyperbolas. See Figure 4.

Figure 4. Construction of the poin@:, Q2, Q3

These points)+, Q2, @3 have several properties related with Simson lines ob-
tained by manipulation of third degree polynomials. Theywdefrom classical
properties of triples of points on the circumcircle 4BC' having concurring Sim-
son lines.



82 B. Gibert

Theorem 5. The pointsQ:, @2, Q3 are the antipodes on the circumcircle of the
three pointsR, Q%, Q% whose Simson lines pass throug.

It follows that Q1, Q2, Q3 are three real distinct points if and onlygé) lies
inside the Steiner deltoits.

Theorem 6. The Simson lines @1, 2, Q3 are tangent to the inconi€ () with
perspectortg( and centercgl. They form a triangleS; 52,53 perspective atgQ

10 Q1Q2Q)s.

Sy is the common point of the Simson lines @f, @2, Q3. These pointsSy,
So, S3 are the reflections af,, @2, Q3 in cgQ. See Figure 5.

Figure 5. £(Q) and Simson lines

Another computation involving symmetric functions of tleots of a third de-
gree polynomial gives

Theorem 7. K(Q) meets the circumcircle atl, B, C' with tangents concurring
at the Lemoine poink’ of ABC and three other point$), @2, Q3 where the
tangents are also concurrent at the Lemoine poinfef)»()s.

This generalizes the property already encountered in dyfahpivotal cubics
seen in [4,84]. Since the two trianglesl BC' and Q1Q2Q3 are inscribed in the
circumcircle, there must be a conic inscribed in both triasgThis gives

Theorem 8. The inconicZ(Q) with perspectottg( is inscribed in the two trian-
glesABC andQ1Q2Qs. Itis also inscribed in the triangle formed by the Simson

lines of @+, @2, Q3.
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K(Q) meetsZ (@) at six points which are the contacts@fq) with the sidelines
of the two triangles. Three of them are the verticks B, C; of the cevian
triangle oftg@ in ABC. The other pointsk;, R., R3 are the intersections of
the sidelines of)1Q2Q3 with the cevian lines off in 515553. In other words,
Ry = HS| NQ2Qs3, etc. See Figure 5. Note that the reflectiongRef Rs, R3 in
the centercg® of Z(Q) are the contact®y, T, T3 of the Simson lines of)1, Q2,

Q3 with Z(Q).
5. Infinite points on K(Q) and intersection with p/Cin¢(Q)

Proposition 9. (@) meets the line at infinity at the same points as the pivotal
isogonal cubiop/Ciye(Q) with pivotgQ).
Proof. This follows by writing the equation d€(Q) in the form
Z a®qro(y® — 0222 + (x+y+2) Z a®p(tq—b*r)yz=0. (4)
cyclic cyclic
Any infinite point on/C(Q) is also a point on the cubic
2 2,2 2.2 x (y* 2
Zaqrm(cy—bz):0<:> ZE 2= =0, 5)
cyclic cyclic
which is the pivotal isogonal cubielC;,.¢ (@) with pivot gQ. O
The six other common points &f(Q)) andp/Ci,¢(Q) lie on the circumhyperbola
through@ andK. They areA, B, C, (Q and the two point#, 5. Figure 6 shows

these cubics whefy) = X;55 thusgQ is the Gergonne poink;. Recall that the
points 1, Es are Xg, Xs7.

K(Xss)| | | pKine = pK(Xs, X7)

Figure 6. (@) andpKins(Q) when@ = Xss
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6. K(Q) and the inconic with center cgy

Proposition 10. The cubick(Q) contains the four foci of the inconic with center
cg@ and perspectotg(.

Proof. This follows by writing the equation df(Q) in the form

Z px(c 24b%2?%) -2 (Z a?(b* — 62)(]7’) xyYz
(6)

cyclic cyclic

- Z pr(c?q + b*r)(Py? — b22?) = 0.

cyclic
Indeed,
Z px(c r)(y? +b22?) — 2 (Z a?(b? — cz)qr) xyz=0 (7)
cyclic cyclic

is the equation of the non-pivotal isogonal circular cuhiCs(Q) which is the
locus of foci of inconics with center on the line through cg@ and

Z pr(c?q + b*r)(Py? — b22%) =0 (8)
cyclic
is the equation of the pivotal isogonal cubii’s(Q) with pivot cg@. The two
cubics/C(Q) andp/Cs(Q) obviously contain the above mentioned foci. O

K(Xs3)| |pKs=K351

Figure 7. IC(Q) and the related cubiesCs (Q), pKs(Q) when@Q = Xss

These two cubics generate a pencil of cubics contaiki@). Note thatp/Cs(Q)
is a member of the pencil of isogonal pivotal cubics gendrétep/Ci.¢(Q) and
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pPKeirc(Q). The root ofnkls(Q) is the infinite point of the trilinear polar afgQ.
Figure 7 shows these cubics wh@n= X55. The inscribed conic is the Mandart
ellipse.

In the example abovel (@) contains the centarg of the inconicZ(Q) but
this is not generally true. We have

Theorem 11. K£(Q) contains the centergQ of Z(Q) if and only if Q lies on the
cubicK172 = plC(ng, Xg).

Since we know thak’(Q) contains the perspect@() of this same inconic when
it is a pivotal cubic, it follows that there are only two cubi€(Q) passing through
the foci, the center, the perspector&f) and its contacts with the sidelines of
ABC'. These cubics are obtained when
(i) @ = X6 : K(Xg) is the Thomson cubiK002 andZ(Q) is the Steiner inscribed
ellipse,

(i) @ = Xo5 1 K(Xa5) is K233 = pK(Xas5, X4).

In the latter case;gQ = X, tgQ = X4, a0Q = X903, Z(Q) is the K-ellipse}
the infinite points are those 8169 = pK (X, Xg9), the points on the circumcircle
are those op/C( X, X193). See Figure 8.

Figure 8. C(X25) and the related K-ellipse

1TheK—eIIipse is actually an ellipse only when triangdeBC is acute angled.
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7. K(Q) and the Steiner ellipse

Proposition 12. The cubickC(Q) meets the Steiner ellipse at the same points as
pK(tgQ, Q).
Proof. This follows by writing the equation 0€(Q) in the form

Za px (bPry? — 2q2?) + (a:y+yz—|—z3:)Za2(b2—02)qrx:0. 9

cyclic cyclic
Indeed,
2 2.2 2 .2 y? 2
Zapw(bry —cqz*) =0 — Zx<%—%>:0 (10)
cyclic cyclic
is the equation of the pivotal cubjgC(tgQ@, Q). O

Note that » ~ a® (v — ¢*) grx = 0is the equation of the lin@tgQ. This wil
cyclic

be construed in the next paragraph.

8. K(Q) and rectangular hyperbolas

Let P = u : v : w be a given point and |6 (P), H(gP) be the two rectangular
circum-hyperbolas passing through gP respectively. These have equations

Z u(Spv — Scw)yz =0 and Z <SCB2w - %) Yz =

cyclic cyclic
P must not lie on the McCay cubic in order to have two distincpémpolas.
Indeed,gP lies onH(P) if and only if P lies on the lineOgP i.e. P andgP are
two isogonal conjugate points collinear with
Let £(Q) andL'(Q) be the two lines passing throughwith equations

> a® (vr(qz — py) — wq(rz — pz)) =0

cyclic

and
Z v’ pu(v + w)(ry — gz) = 0.
cyclic
These linesC(Q) and £'(Q) can be construed as the trilinear polars of the
(QQ—Iisoconjugates of the infinite points of the polarsfo&ndgP in the circumcir-
cle.
The equation ofC(Q)) can be written in the form

(Z u(Spv — Scw)yz) (Z a? (vr(qx — py) — wq(rz — pz)))

cyclic cyclic

= (Z <S:;w Sbc;v> z) (Z b P pu(v + w)(ry — qz))

cyclic cyclic

(11)
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which will be loosely written under the form :

H(P) - L(Q) = H(gP) - L'(Q).

If we recall that/C(Q)) andH(P) have already four common points namely
B, C, H and that(Q), £(Q) and£'(Q) all contain®, then we have

Corollary 13. K£(Q) meetsH(P) again at two points on the lin€’(Q) and
H(gP) again at two points on the [iN€(Q).

For example, with? = G, H(P) is the Kiepert hyperbola anf (Q) is the line
QgtQ, H(gP) is the Jerabek hyperbola add(Q) is the lineQtgQ.

9. Further representations of C(Q)

Proposition 14. For varying @, the cubicsC(Q) form a net of cubics.

Proof. This follows by writing the equation df(Q) in the form

Z a*qra (Py(z + 2) — bPz(z + y)) =0

cyclic

(12)
= Z a*qra (z(c®y — b%z) — (b? — *)yz) = 0.

The equatior®y(z + z) — b?z(z + y) = 0 is that of the rectangular circumhy-
perbolaH 4 tangent atA to the symmediamd K. Its center is the midpoint aBC'.
Its sixth common point withiC(Q) is the intersection of the lined@ and A;agQ.
Thus the net is generated by the three decomposed cubichk ag¢he union of a
sideline of ABC and the corresponding hyperbola suclas a

Proposition 15. £(Q) is a pivotal cubicp/(Q) if and only if @ lies on the cir-
cumhyperbold+ passing throughz and K.

Proof. We write the equation of(Q) in the form

cyclic cyclic

Z v px (ry? — ¢2%) + (Z a?(b® — 02)q7‘) zyz = 0. (13)

Recall that/C(@)) meets the sidelines of triangléBC' again at the vertices of
the cevian triangle afg(. Thus, the cubic is a pivotal cubic is and only if the term
in zyz vanishes. It is now sufficient to observe that the equaticth@hyperbola
His Z a?(b? — P)yz = 0. O

cyclic

See a more detailed study of theg€(Q) in §10.1.

Proposition 16. The cubick(Q) belongs to another pencil of similar cubics gen-
erated by another pivotal cubic and another isogonal noretal cubic.
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Proof.
Z pr(c?q — b*r)(Py? + b22?) — (Z a?(b* — 62)(]7’) xYz
cyclic cyclic (14)
+ Z atqr(y — 2)yz = 0.
cyclic
Indeed,

Z pr(ctq — b*r)(y? + b?2%) — (Z a?(b* — cz)qr) zyz=0  (15)

cyclic cyclic

is the equation of the non-pivotal isogonal cubik;(Q) with root the infinite
point of the trilinear polar ofg() again and

> atqr(y —2)yz =0 (16)

cyclic

is the equation of the pivotal cubjgC; (@) with pivot the centroid= and pole the
X3o—isoconjugate of) i.e. the pointgtgQ. O

The cubicsnCs(Q) andnfC7(Q) obviously coincide wher) lies on the cir-
cumhyperbolaH passing througlz and K. Figure 9 shows these cubics when

Q = Xss.

Figure 9. K£(Q) and the related cubiosiC; (Q), pK7(Q) when@ = X5
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10. Special cubicdC(Q)

10.1 Pivotal cubicspK(Q). Recall that for any poinf) on the circumhyperbola
'H passing througléz and K the cubick(Q) becomes a pivotal cubic with pol@
and pivottg( on the Kiepert hyperbola. In this cagé()) has equation :

2

szcsz(ryz—q22)20<:> Z£ y_z_z_ =0 (a7)
a2\ q r

cyclic cyclic

The isopivot (secondary pivot) is clearly the Lemoine pdinsince the tangents
atA, B, C are the symmedians. The poigt9 andag( lie on the lineG K namely
the tangent a7 to the Kiepert hyperbola.

These cubics form a pencil of pivotal cubics passing thradgk, C, G, H, K
and tangent to the symmedians. Recall that they have thekabia property to
intersect the circumcircle at three other poifgts Q2, @3 with concurrent tangents
such thatag( is the orthocenter af); Q2Q3. See [4] for further informations.

This pencil is generated by the Thomson cuk@02 (the only isogonal cubic)
and byK141 (the only isotomic cubic). Se€L043 in [2] for a selection of other
cubics of the pencil among theK273, the only circular cubic, an&233 seen
above.

10.2 Circular cubicsK(Q). We have seen tha€(Q) meets the line at infinity
at the same points as the pivotal isogonal culiG,¢(Q) with pivot g@Q. It easily
follows that/C(Q) is a circular cubic if and only iH/Ci,¢ (@) is itself a circular cubic
therefore if and only i@ lies at infinity hence®) must lie on the circumcircl€.
Thus, we have :

Theorem 17. For any point on the circumcircle/C(Q) is a circular cubic with
singular focus on the circle with centérand radius2R. The tangent af) always
passes througl®.

The real asymptote envelopes a deltoid, the homotheticeoStkeiner deltoid
underh(G,4). See Figure 10.

For example K273 (obtained forQQ = X1, the Parry point) an&306 (ob-
tained for() = Xr59) are two cubics of this type in [2]. See also the bottom of the
pageCL035in [2].

10.3 Lemoine generalized cubids(Q). A necessary (but not sufficient) condi-
tion to obtain a Lemoine generalized culii¢Q) is that the cevian triangle agQ
must be a pedal triangle. Henag must be a point on the Lucas cub{®©07
therefore) must be on its isogonal transfordi72.

The only identified points that give a Lemoine generalizenicare H and Xs¢.
K(H) is K028, the third Musselman cubic. Itis also the only cubic withragy
totes making60° angles with one another i.e. the only equilateral cubic & th

type.

K(X56) is K360, at the origin of this note. See Figure 11.

The conic inscribed in the triangle$BC and@Q1Q-Qs is the incircle ofABC
sincetg Xs¢ is the Gergonne poink;. (Q1Q-Qs is a poristic triangle.
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Figure 10. Circular cubick(Q) and deltoid

pK(X6, X145)/

Figure 11. The Lemoine generalized culi¢Xss) = K360

10.4 K(X32). K(X32) has the remarkable property to have its six tangents at its
common points with the circumcircle concurrent at the LeregiointK. It fol-

lows that the trianglest BC and Q1 Q-2Q3 have the same Lemoine point and the
same Brocard axis. The polar conicigfis therefore the circumcircle.
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The satellite conic of the circumcircle is the Brocard al#ipvhose real fodR,
Q5 (Brocard points) lie on the cubic. See Figure 12.

Figure 12. The cubiéC(X32)

Remark.K(X32) belongs to a pencil of circum-cubics having the same prgpert
meet the circumcircle at six point§, B, C, @1, Q2, @3 with tangents concurring
at K hence the polar conic df is always the circumcircle.

The cubic of the pencil passing through the given pétnt v : v : w has an
equation of the form

Z a*vwyz (v — b*w)z — (u(Py — b*z)) =0,

cyclic
which shows that the pencil is generated by three decompns®ds, one of them
being the union of the sideline$B, AC and the line joiningP to the feetk, of
the A—symmedian, the other two similarly. Each cubic meets the&mb ellipse
at six points which are the tangentials of the six points abovhree of them are
K,, K, K. and the other points are the contacts of the Brocard elligethe

sidelines of)1Q2Qs.

10.5 K(X54). K(X54) = K361 is the only cubic of the family meeting the cir-
cumcircle at the vertices of an equilateral trian@eQ-Q3 namely the circum-
normal triangle. The tangents at these points conci?.aK361 is the isogonal
transform ofK026, the (first) Musselman cubic and the locus of pivots of pivota
cubics that pass through the vertices of the circumnormaaidte. See Figure 13
and further details in [2].
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N
N
McCay cubic ~_
N

Figure 13. The cubiéC(Xs4) = K361

10.6 K(Q) with concurring asymptotesiC(Q) has three (not necessarily all real)
concurring asymptotes if and only @ lies on a circumcubic passing through
H, Xi40. This latter cubic is aC, i.e. it has three real concurring asymptotes
making60° angles with one another. These are the parallelssat (the midpoint
of X5, X5) to those of the McCay cubik003. The cubic meets the cirumcircle
at the same points g8C(Xg, X149) Where X4 is the midpoint ofX3, X5. See
Figure 14.

The two cubicsC(H) = K028 and K(X140) have concurring asymptotes but
their common point is not on the curve. These arecubics.

On the contrary/C(X3) is a central cubic and the asymptotes mee? ain the
curve. Itis said to be £ cubic. See Figure 15.

11. Isogonal transform of £(Q)

Under isogonal conjugation with respect ABC, K(Q) is transformed into
another circum-cubigk(Q) meetingkC(Q) again at the four foci of (¢)) and at
the two pointsE,, F, intersections of the lin€/ag@ with the conicABC K Q.

Thus,K(Q) andgk (@) have nine known common points. When they are dis-
tincti.e. whenQ is not K i.e. when/C(Q) is not the Thomson cubic, they generate
a pencil of cubics which containsC(Xg, cgQ).

It is easy to verify thag/C(Q)
(i) contains the circumcentép, g@Q, the midpoints ofABC,
(i) is tangent atA, B, C' to the cevian lines of th&'s, —isoconjugate of) i.e. the

pointgtgQ,
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pK(;st,\Xuo)

Figure 14. The cubiéCd,

Figure 15. The cubiéC(X3)

(iif) meets the circumcircle at the same point9dJ X, g@@) hence the orthocen-
ter of the triangleD; 0, O3 formed by these points g); following a result of [4],
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the inconic with perspectdcg( is inscribed inA BC and0, 0,03,
(iv) has the same asymptotic directionspdS( X, agQ).

Except the cas@ = K, giC(Q) cannot be a cubic of typ(Q).

The tangents t@kC(Q) at A, B, C are still concurrent (agtg@) but in gen-
eral, the tangents at the other intersectiong/of@) with the circumcircle are not
now concurrent unles® lies on a circular circum-quartic which is the isogonal
transform ofQ063 This quartic containsX;, X3, Xg, Xe4, Xos74, Xos75, the
excenters.

Figure 16. KC(X3), giC(X3) andK003

Figure 16 present&(X3) andgK(X3). These two cubics generate a pencil
which contains the McCay cubi003 and the Euler isogonal focal cubicl87.
The nine common points of these four cubics 4reB3, C, O, H and the four foci
of the inscribed conic with centép.

0K (X3) meets the circumcircle at the same poiffs O, O3 as the Orthocubic
K006 and the trianglegt BC', 010,03 share the same orthocenirtherefore the
same Euler line. The tangents@t, O,, O3 concur atO and those atd, B, C
concur atXs5. The MacBeath inconic (with centéfs, foci O and H) is inscribed
in ABC and0O1050s.

g (X3) meets the line at infinity at the same points as the Darbouic ¢(@04.
Hence, its three asymptotes are parallel to the altitudesR('.
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